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We study the non-Markovian dynamics of a damped oscillator coupled with a reservoir. We
present exact formulas for the oscillator’s evolution directly from the BCH formula by series expan-
sion with neither Markovian nor rotating wave approximation (RWA). Based on these, we show the
existence of the non-Markovian feature of the system’s evolution for the damped oscillator. By nu-
merical simulation we find that the non-Markovian feature exists within a wide range of the coupling
strength, even when the coupling strength is very small. To this problem, prior art results have
assumed RWA and the existence of non-Markovian feature was found when the system-reservoir cou-
pling is strong enough. However, as we show, given such a strong coupling, the original Hamiltonian
without RWA is actually not physical. Therefore, our exact study here has thoroughly concluded
the issue of non-Markovian feature.
2Introduction.—The theory of open systems plays a crucially important role in quantum mechanics and quantum
information[1]. The interaction between the system and the environment is the quantum origin of the classical
states[2], relaxation and decoherence. Therefore its study can help design methods to protect the quantum state of
a qubit[3–8]. Moreover, interaction with the environment can be adopted to produce entanglement between several
separated systems[9, 10].
A damped harmonic oscillator is a frequently used elementary model in quantum open system theory[11–14].
Different methods such as the master equation, the Langevin equation or the path integral approach have been used
to study the evolution of the damped oscillator[14–17], and usually Markovian approximation and rotating-wave
approximation (RWA) are assumed. The problem is found to be accurately solvable for some specific spectra of the
reservoir under these approximations and some other additional approximations[18]. However, the validity of these
approximations in different conditions is still not clear, and a general while convenient treatment of the problem is
absent.
Non-Markovian dynamics plays an important role in quantum open systems where the backflow of information
from the environment to the system is significant and therefore the Markovian approximation is not valid[19–24].
However, exact study of non-Markovian is numerically difficult. In Ref. [25] Zhang et al treated the problem without
the Markovian approximation through using the brilliant idea of connecting the exact master equations with the
nonequilibirum Greens functions. This is a big step towards the study of the non-Markovian dynamics of quantum
open systems. With their non-Markovian results, they show the non-Markovian feature of the damped oscillator’s
evolution if the system-bath coupling strength is larger than 0.3 for sub-Ohmic bath, but they used the RWA.
Therefore, given their result it’s still unclear yet whether the non-Markovian feature still exists when RWA is not
assumed. First, in the original Hamiltonian without RWA one cannot blindly assume the coupling strength to be too
large, otherwise the Hamiltonian is not physical. As we will show in this paper, the coupling strength upper bound
is 1
4
√
pi
for sub-Ohmic bath which is significant smaller than 0.3. Second, without RWA whether there still exists the
Non-Markovian dynamic feature given a value of coupling strength which physically exists. Note that the RWA is
not always valid in many situations[26], especially in the cases of strong coupling[27], where the anti-rotating terms
can contribute significantly to the dynamics. In this paper we study this problem, and we show the non-Markovian
feature exists within a wide range of the coupling strength, even though the coupling strength is very small.
To investigate the non-Markovian dynamics of the system without RWA, here we propose a new method to study
the damped harmonic oscillator by series expansion with respect to the coupling strength. The paper is arranged
in this way: First we give the explicit expressions of the expansion terms and show how to apply our method to
numerical calculation efficiently. After that we examine the non-Markovian dynamics of the system using our formula
and show the existence of an upper bound for the coupling, below which the effect of non-Markovian dynamics seems
to always appear. Then we give our deduction of the formula to second order and the series expansion expressions
for each order. Finally we give our conclusions.
Series expansion formula.—The total Hamiltonian we consider is
H = ω0a
†a+
∑
k
ωkb
†
kbk +
∑
k
gk(a+ a
†)(bk + b
†
k) (1)
where we have choosen ~ to be 1, a and a† are the annihilation and creation operator of the oscillator and bk and
b†k are those for the k-mode of the reservoir, ω0, ωk and gk are all real numbers. Here we use the position-position
coupling as an example, while it’s not difficult to extend to other types of coupling. And the summation in Eq. (1)
can be replaced by integration in the continuous case.
According to BCH formula, the evolution of the operator a in Heisenberg picture can be represented as a(t) =
eiHtae−iHt = a+ it[H, a]− 12 t2[H, [H, a]] + · · · . Collecting all the terms according to the power of gk and we can get
the general expression for each order of expansion. Here we show the results to the second order, and a complete
expression can be found in the following.
a(t) =e−iω0ta+
∑
k
{
gk
ω0 − ωk (e
−iω0t − e−iωkt)bk + gk
ω0 + ωk
(e−iω0t − eiωkt)b†k
− 2ig
2
k
(ω20 − ω2k)2
[
(ω0 + ωk)
2 sinωkt+ (ω
2
0 − ω2k)ωkte−iω0t + 2iω0ωk(eiωkt − e−iω0t)
]
a
+
2ig2k
ω0(ω20 − ω2k)
(ω0 sinωkt− ωk sinω0t)a†
}
+ · · · (2a)
bk(t) =e
−iωktbk +
gk
ωk − ω0 (e
−iωkt − e−iω0t)a+ gk
ωk + ω0
(e−iωkt − eiω0t)a†
3+
∑
k′
{
− 2gkgk′
(ω20 − ω2k)(ωk − ωk′)(ω2k′ − ω20)
[− i(ωk − ωk′)(ω20 + ωkωk′) sinω0t
+ ω0(ω
2
k − ω2k′) cosω0t+ ω0(ω20 − ω2k)e−iωk′ t − ω0(ω20 − ω2k′)e−iωkt
]
bk′
+
2gkgk′
(ω20 − ω2k)(ωk + ωk′)(ω2k′ − ω20)
[ − i(ωk + ωk′)(ωkωk′ − ω20) sinω0t
+ ω0(ω
2
k′ − ω2k) cosω0t+ ω0(ω2k − ω20)eiωk′ t + ω0(ω20 − ω2k′)e−iωkt
]
b†k′
}
+ · · · (2b)
And the expressions for a†(t) and b†k(t) is just the Hermitian conjugate of Eq. (2a) and Eq. (2b).
In principle we can get the operators at any time t by taking all orders of the expansion terms. While in practice
it will be more efficient if we keep to the second order terms and calculate the coefficients iteratively. For example,
suppose we are to calculate the evolution of a(t) up to a large time t. We can divide the time into N parts and
compute the evolution in each interval successively. Define ∆t = t/N and if gk∆t≪ 1, ∀k, it is enough to keep to the
second order.
The evolution under RWA can be calculated in a similar way. Note that in this case the evolution of a will only
produce a and bk and there is no a
† and b†k terms. So the deduction will become easier. Our results are as follows:
a(t) =e−iω0ta+
∑
k
gk
ωk − ω0 (e
−iωkt − e−iω0t)bk
+
∑
k
g2k
(ωk − ω0)2
[
e−iωkt − (1− iωkt+ iω0t)e−iω0t
]
a+ · · · (3a)
bk(t) =e
−iωktbk +
gk
ωk − ω0 (e
−iωkt − e−iω0t)a
+
∑
k′
gkgk′
ωk(ωk′ − ω0)
(
ωke
−iω
k′
t − ωk′e−iωkt
ωk′ − ωk −
ωke
−iω0t − ωk′e−iωkt
ω0 − ωk
)
bk′ + · · · (3b)
As a check of the validity of our method, we present here in Fig. 1 our results for a bath of Lorentzian spectrum
with RWA, which is exactly solvable[18].
Note that here we use the Lorentz spectrum only to show the correctness of our formula. In what follows we shall
study the non-Markovian dynamics of Ohmic and sub-Ohmic bath.
Non-Markovian dynamics.—Now we use our method to study the non-Markovian dynamics of the oscillator. We
should consider a general non- Markovian environment with spectral density
J(ω) = 2piηω(
ω
ωc
)s−1 exp(− ω
ωc
) (4)
where η is a constant describing the coupling strength between the system and the environment, and ωc is the
frequency cutoff. When s = 1, < 1 and > 1, the corresponding environments are Ohmic, sub-Ohmic and super-Ohmic,
respectively. The non-Markovian dynamics of the oscillator can be characterized by a function u(t) = [a(t), a†(0)][25].
In Fig. 2 we repeat the results under RWA in [25] and compare it with those without RWA. Obviously the coupling
strength plays a crucially important role in non-Markovian dynamics. The larger the coupling, the more significant
the non-Markovian effects. Also we can see that with the existence of the anti-rotating terms, the non-exponential
decay becomes more important and the curve of |u(t)| begins to oscillate at smaller coupling η.
However, the coupling of a real physical system cannot be too large. Note that in Fig. 2, |u(t)| for non-RWA cases
increases exponentially when η is large, which is surely not physical. This is different from the RWA Hamiltonian, for
which the evolution of the system seems to be always bounded given whatever strong coupling strength. Actually,
as we shall see below, there is an upper bound for the coupling between the oscillator and the environment so as to
make the model meaningful where the reservoir is represented by a series of independent oscillators coupled with the
original oscillator.
As is in Eq. (1), we begin with a discrete spectrum. Take the position-position coupling as an example. We rewrite
the Hamiltonian in this way:
H =
1
2
P †P +
1
2
X†V X (5)
4FIG. 1. The average position of the oscillator 〈x〉 as a function of time t. Here we choose Ω = 1, Γ = 0.01 and M = 1, which
are all defined in [18]. The oscillator is initially at a coherent state |α〉 with α = 1. The green solid line is the accurate solution
and the blue points are the numerical result of our formula.
where P = (pa, pb1 , pb2 , · · · )T, X = (xa, xb1 , xb2 , · · · )T, x (p) represents the position (momentum) operator. For
simplicity, we set m = 1. The first term is the kinetic energy term, which is already diagonal, and the second term is
potential term, where V is:
V =


ω20 2g1
√
ω0ω1 . . . 2gk
√
ω0ωk . . .
2g1
√
ω0ω1 ω
2
1 0
...
. . .
2gk
√
ω0ωk 0 ω
2
k
...
. . .


(6)
The eigenvalues of the matrix V , which correspond to the square of the frequency of each normal mode of the whole
system, must be non-negative. Otherwise the potential of the system won’t have a lower limit and the evolution of
the oscillator will rise exponentially, which is exactly the case in Fig. 2.
To get the upper bound of the coupling, we consider the critical condition where one of the eigenvalue of V is 0,
which leads to
4
∑
k
g2k
ω0ωk
= 1 (7)
Eq. (7) can be generalized to the case of a continuous spectrum simply by replacing the summation
∑
k g
2
k with
integration
∫
dωJ(ω)/2pi. Take the standard ohmic bath as an example. We get the upper bound ηM = ω0/4ωc for the
potential to have a lower limit. In the case of ω0 = ωc = 1 it gives ηM = 0.25, which is consistent with our numerical
results (see Fig. 3). And for sub-Ohmic bath where we choose s = 0.5, it’s easy to obtain ηM =
1
4
√
pi
≈ 0.141 < 0.3.
The above results show that, even though in the case of RWA large η still gives bounded evolution, it does not
mean the value of η can be taken at will. The value of η should not exceed ηM given above, for otherwise the RWA is
physically meaningless. And simple calculation will show that any non-zero value of coupling will lead to unphysical
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FIG. 2. Absolute value of Green’s function u(t) for damped oscillator. In all these figures, we set ω0 = 1 and ωc = 1 for
the Ohmic or sub-Ohmic spectrum(s = 0.5) which are defined in [25]. (a)Results for sub-Ohmic spectrum under RWA with
η = 0.1, 0.4, 0.7 respectively. We see they are consistent with those in [25]. (b)Results for sub-Ohmic spectrum without RWA,
η = 0.1, 0.14, 0.4, respectively. (c)Results for Ohmic spectrum without RWA, η = 0.1, 0.2, 0.4, respectively. Obviously |u(t)|
oscillates easier with the existence of the anti-rotating term, and when η is too large the figure increases exponentially. This
means the total Hamiltonian is unphysical.
results for the Lorentz spectrum because the integration (in place of the summation) in Eq. (7) does not converge
when the frequency is small.
Therefore, to study the non-Markovian dynamics of the system, RWA with too strong coupling is not convincing
such as η = 0.3 for sub-Ohmic bath. We should examine the non-RWA solution with coupling strength less than the
upper limit given by Eq. (7). In the case of an Ohmic spectrum ω0 = ωc = 1, we present in Fig. 4 the |u(t)| − t
curves for several different η, all of which oscillate and therefore show significant non-Markovian dynamics. And as
we can see, when η decreases, the time when |u(t)| begins to oscillate increases and the amplitude of such oscillation
decreases. So we have firmly proven the existence of the non-Markovian property of the system. And it seems that
any non-zero η can produce such effects. Moreover, we’ve shown that when the coupling is sufficiently small, the
backflow of information from the environment is negligible and therefore the Markovian approximation is viable.
Deduction.—In this part we show the derivation of Eqs. (2). First for simplify we redefine the operators X = a†+a,
P = a† − a, and define T0 = Xa,Tn = [H,Tn−1], where H is the Hamiltonian defined by Eq. (1). Then BCH formula
gives Xa(t) = eiHtXae−iHt =
∑∞
n=0
(it)n
n! Tn.
The basic commutation relationships we need are:
[H,Xa] = ω0Pa (8a)
[H,Pa] = ω0Xa + 2
∑
k
gkXbk (8b)
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FIG. 3. Absolute value of Green’s function u(t) for an Ohmic spectrum with ω0 = ωc = 1, η = 0.25. Note that in this critical
condition |u(t)| keeps constant as t increases.
FIG. 4. Absolute value of the Green’s function u(t) for an Ohmic spectrum with ω0 = ωc = 1, η = 0.2, 0.1, 0.05, respectively.
As η decreases, the starting time of oscillation increases and the amplitude of the oscillation decreases. So when η is sufficiently
small, the non-Markovian property of the system is not significant.
[H,Xbk] = ωkPbk (8c)
[H,Pbk] = ωkXbk + 2gkXa (8d)
With these formulae we can get the recurrence relations for n ≥ 1:
T2n =ω
2
0T2n−2 + 4ω0
n−1∑
i=1
∑
k
g2kω
2i−1
k T2n−2i−2
+ 2ω0
∑
k
gkω
2n−2
k Xbk
(9a)
7T2n+1 =ω
2
0T2n−1 + 4ω0
n−1∑
i=1
∑
k
g2kω
2i−1
k
T2n−2i−1
+ 2ω0
∑
k
gkω
2n−1
k Pbk
(9b)
Note that T2n contains only terms about X while T2n+1 only P .
Now we define Tn,i as the i
th order term in Tn with respect to the coupling strength. Obviously, T2n,0 = ω
2n
0 Xa.
So from Eq. (9a) we can get
T2n,1 = ω
2
0T2n−2,1 + 2ω0
∑
k
gkω
2n−2
k Xbk (10a)
T2n,2 = ω
2
0T2n−2,2 + 4ω0
n−1∑
i=1
∑
k
g2kω
2i−1
k ω
2n−2i−2
0 Xa (10b)
for n ≥ 1.
Since T2,2 = 0, T2,1 = 2ω0
∑
k gkXbk, finally we obtain
T2n,1 =
n−1∑
r=0
2ω2r+10
∑
k
gkω
2n−2−2r
k
Xbk
= 2
∑
k
gkω0
(
ω2n0 − ω2nk
ω20 − ω2k
)
Xbk (11a)
T2n,2 = 4
n∑
r=1
n−r∑
i=1
∑
k
g2kω
2i−1
k ω
2n−2i−1
0 Xa
= 4
∑
k
g2k
ω2n−30 ωk(
ωk
ω0
)2
− 1


(
ωk
ω0
)2n
− 1(
ωk
ω0
)2
− 1
− n

Xa (11b)
We can get the results about T2n+1 in a similar way:
T2n+1,1 = 2
∑
k
gkωkω0
(
ω2n0 − ω2nk
ω20 − ω2k
)
Pbk (12a)
T2n+1,2 = 4
∑
k
g2k
ω2n−20 ωk(
ωk
ω0
)2
− 1


(
ωk
ω0
)2n
− 1(
ωk
ω0
)2
− 1
− n

Pa (12b)
Eventually, we get the second order expression:
Xa(t) =
∞∑
n=0
(it)n
n!
Tn =
∑
n
(it)n
n!
(Tn,0 + Tn,1 + Tn,2 + · · · )
=a†eiω0t + ae−iω0t
+
∑
k
{
2gkω0Xbk
ω20 − ω2k
(cosω0t− cosωkt) + 2igkPbk
ω20 − ω2k
(ωk sinω0t− ω0 sinωkt)
+
4g2kωkXa
(ω2k − ω20)2
[
ω0(cosωkt− cosω0t) + 1
2
(ω2k − ω20)t sinω0t
]
+
4ig2kPa
(ω2k − ω20)2
[
ω20 sinωkt− ω0ωk sinω0t−
ωk(ω
2
k − ω20)
ω0
ω0t cosω0t− sinω0t
2
]}
+ · · · (13)
It is easy to obtain the expressions of Pa(t), Xbk(t) and Pbk(t) in the same way. Therefore we can get Eqs. (2).
And from Eqs. (9) we can get the expressions for higher order terms in a similar way.
8For RWA, we can define T ′0 = a and T
′
n = [HR, T
′
n−1], where HR = ω0a
†a+
∑
k ωkb
†
kbk +
∑
k gk(ab
†
k + a
†bk) is the
Hamiltonian under RWA. Using the recurrence relation:
T ′n = −ω0T ′n−1 +
n−2∑
i=0
∑
k
g2k(−ωk)iT ′n−2−i −
∑
k
gk(−ωk)n−1bk (14)
we can get the expressions for RWA.
Series expansion expressions for each order.—Here we give the expressions for series expansion to each order.
Consider a more general system with several independent oscillators instead of only one. The Hamiltonian of the
system is:
H =
∑
i
Ωia
†
iai +
∑
k
ωkb
†
kbk +
∑
i
∑
k
gik(a
†
i + ai)(b
†
k + bk) (15)
where we also have ~ = 1. Ωi, ai and a
†
i are the frequency, annihilation and creation operator of the i
th oscillator,
respectively, while ωk,bk and b
†
k are those for the k-mode of the reservoir. And gik is the coupling strength between
the ith oscillator and the k-mode of the reservoir.
Under this condition, the complete expressions for series expansion with respect to the coupling strength are:
Xai1(t) =ai1e−iΩi1 t + a†i1eiΩi1 t
+
∞∑
n=1
∑
i2
∑
i3
· · ·
∑
in
∑
k1
∑
k2
· · ·
∑
kn
22n−1gi1k1
n∏
r=2
girkr−1girkr
n−1∏
m=1
Ωimωkm
· Ωin
n∑
l=1
[
cosΩil t
(Ω2il − ω2kl)
∏n
l′=1,l′ 6=l(Ω
2
il
− Ω2i
l′
)(Ω2il − ω2kl′ )
+
cosωklt
(ω2kl − Ω2il)
∏n
l′=1,l′ 6=l(ω
2
kl
− Ω2i
l′
)(ω2kl − ω2kl′ )
]
Xbkn
+
∞∑
n=1
∑
i2
∑
i3
· · ·
∑
in+1
∑
k1
∑
k2
· · ·
∑
kn
22ngi1k1
n∏
r=2
girkr−1girkr · gin+1kn
n∏
m=1
Ωimωkm
·
[
n+1∑
l=1
cosΩil t∏n+1
l′=1,l′ 6=l(Ω
2
il
− Ω2i
l′
)
∏n
l′=1(Ω
2
il
− ω2k
l′
)
+
n∑
l=1
cosωklt∏n+1
l′=1(ω
2
kl
− Ω2i
l′
)
∏n
l′=1,l′ 6=l(ω
2
kl
− ω2k
l′
)
]
Xain+1
+ i
∞∑
n=1
∑
i2
∑
i3
· · ·
∑
in
∑
k1
∑
k2
· · ·
∑
kn
22n−1gi1k1
n∏
r=2
girkr−1girkr
n∏
m=1
Ωimωkm
·
n∑
l=1
[
sinΩil t
Ωil(Ω
2
il
− ω2kl)
∏n
l′=1,l′ 6=l(Ω
2
il
− Ω2i
l′
)(Ω2il − ω2kl′ )
+
sinωklt
ωkl(ω
2
kl
− Ω2il)
∏n
l′=1,l′ 6=l(ω
2
kl
− Ω2i
l′
)(ω2kl − ω2kl′ )
]
Pbkn
+ i
∞∑
n=1
∑
i2
∑
i3
· · ·
∑
in+1
∑
k1
∑
k2
· · ·
∑
kn
22ngi1k1
n∏
r=2
girkr−1girkr · gin+1kn
n∏
m=1
Ωimωkm
· Ωin+1
[
n+1∑
l=1
sinΩilt
Ωil
∏n+1
l′=1,l′ 6=l(Ω
2
il
− Ω2i
l′
)
∏n
l′=1(Ω
2
il
− ω2k
l′
)
+
n∑
l=1
sinωklt
ωkl
∏n+1
l′=1(ω
2
kl
− Ω2i
l′
)
∏n
l′=1,l′ 6=l(ω
2
kl
− ω2k
l′
)
]
Pain+1 (16a)
Pai1(t) =− ai1e−iΩi1 t + a†i1eiΩi1 t
9+
∞∑
n=1
∑
i2
∑
i3
· · ·
∑
in
∑
k1
∑
k2
· · ·
∑
kn
22n−1gi1k1
n∏
r=2
girkr−1girkr
n∏
m=2
Ωimωkm
· ωk1
n∑
l=1
[
cosΩil t
(Ω2il − ω2kl)
∏n
l′=1,l′ 6=l(Ω
2
il
− Ω2i
l′
)(Ω2il − ω2kl′ )
+
cosωklt
(ω2kl − Ω2il)
∏n
l′=1,l′ 6=l(ω
2
kl
− Ω2i
l′
)(ω2kl − ω2kl′ )
]
Pbkn
+
∞∑
n=1
∑
i2
∑
i3
· · ·
∑
in+1
∑
k1
∑
k2
· · ·
∑
kn
22ngi1k1
n∏
r=2
girkr−1girkr · gin+1kn
n∏
m=1
Ωim+1ωkm
·
[
n+1∑
l=1
cosΩil t∏n+1
l′=1,l′ 6=l(Ω
2
il
− Ω2i
l′
)
∏n
l′=1(Ω
2
il
− ω2k
l′
)
+
n∑
l=1
cosωkl t∏n+1
l′=1(ω
2
kl
− Ω2i
l′
)
∏n
l′=1,l′ 6=l(ω
2
kl
− ω2k
l′
)
]
Pain+1
+ i
∞∑
n=1
∑
i2
∑
i3
· · ·
∑
in
∑
k1
∑
k2
· · ·
∑
kn
22n−1gi1k1
n∏
r=2
girkr−1girkr
n−1∏
m=1
Ωim+1ωkm
·
n∑
l=1
[
Ωil sinΩil t
(Ω2il − ω2kl)
∏n
l′=1,l′ 6=l(Ω
2
il
− Ω2i
l′
)(Ω2il − ω2kl′ )
+
ωkl sinωklt
(ω2kl − Ω2il)
∏n
l′=1,l′ 6=l(ω
2
kl
− Ω2i
l′
)(ω2kl − ω2kl′ )
]
Xbkn
+ i
∞∑
n=1
∑
i2
∑
i3
· · ·
∑
in+1
∑
k1
∑
k2
· · ·
∑
kn
22ngi1k1
n∏
r=2
girkr−1girkr · gin+1kn
n∏
m=2
Ωimωkm
· ωk1
[
n+1∑
l=1
Ωil sinΩil t∏n+1
l′=1,l′ 6=l(Ω
2
il
− Ω2i
l′
)
∏n
l′=1(Ω
2
il
− ω2k
l′
)
+
n∑
l=1
ωkl sinωkl t∏n+1
l′=1(ω
2
kl
− Ω2i
l′
)
∏n
l′=1,l′ 6=l(ω
2
kl
− ω2k
l′
)
]
Xain+1 (16b)
where we define X = a† + a, P = a† − a.
Under RWA, the expressions are much simpler:
ai1(t) =ai1e
−iΩi1 t +
∞∑
n=1
∑
i2
∑
i3
· · ·
∑
in
∑
k1
∑
k2
· · ·
∑
kn
gi1k1
n∏
r=2
girkr−1girkr
·
n∑
l=1
[
exp(−iΩil t)
(Ωil − ωkl)
∏n
l′=1,l′ 6=l(Ωil − Ωil′ )(Ωil − ωkl′ )
+
exp(−iωklt)
(ωkl − Ωil)
∏n
l′=1,l′ 6=l(ωkl − Ωil′ )(ωkl − ωkl′ )
]
bkn
+
∞∑
n=1
∑
i2
∑
i3
· · ·
∑
in+1
∑
k1
∑
k2
· · ·
∑
kn
gi1k1
n∏
r=2
girkr−1girkr
·
[
n+1∑
l=1
exp(−iΩilt)∏n+1
l′=1,l′ 6=l(Ωil − Ωil′ )
∏n
l′=1(Ωil − ωkl′ )
+
n∑
l=1
exp(−iωklt)∏n+1
l′=1(ωkl − Ωil′ )
∏n
l′=1,l′ 6=l(ωkl − ωkl′ )
]
ain+1 (17)
By taking Hermitian conjugate we get the expression for a†i1(t). And since the terms relevant to oscillators and those
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to the reservoir appear symmetrically in the Hamiltonian, it’s easy to get the expressions for each mode of the reservoir
by simplify exchange the corresponding terms.
Conclusion.—In this paper we present our exact formula for the motion of a damped harmonic oscillator without
Markovian or rotating-wave approximation. The correctness of the formula has been proven for the examples we
give, comparing with different previous works about different models of the reservoir. With this formula, we study
the non-Markovian dynamics of the system and show that the backflow of information exists when including the
anti-rotating interaction. We also show the existence of non-Markovian property for a wide range of coupling strength
and that such effects weaken when the coupling strength decreases.
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